ABSTRACT. In this paper we consider the inverse scattering problem for the Schrödinger operator with shortrange electric potential. We prove in dimension n ě 2 that the knowledge of the scattering operator determines the electric potential and we establish Hölder-type stability in determining the short range electric potential.
INTRODUCTION AND MAIN RESULTS
This paper concerns inverse scattering problems for a large class of Hamiltonian with short-range electric potential. A single quantum particle in an external potential is described by the Hilbert space L 2 pR n q and the family of Schrödinger Hamiltonian
We suppose that the electric potential V P C 1 pR n , Rq, with the short-range condition |V pxq| ď C x ´δ , for some δ ą 1, where x " p1`|x| 2 q 1{2 . Then we define V δ " ! V P C 1 pR n q, |V pxq| ď C x ´δ , δ ą 1 ) .
Let H 0 " 1 2 ∆ be the free Hamiltonian. We consider two strongly continuous unitary groups: e´i tH 0 generate the free dynamic of the system and e´i tH a perturbation of this free dynamic. The state u P L 2 pR n q is said asymptotically free as t Ñ˘8 if there exists ψ˘P L 2 pR n q such that
Here ψ`is the outgoing (resp. incoming) asymptotic of the state u. The condition (1.2) is equivalent to the following two conditions lim tÑ˘8 }e itH 0 e´i tH u´ψ˘} " 0, lim tÑ˘8 }e itH e´i tH 0 ψ˘´u} " 0.
The fundamental direct problems of scattering theory are: (a) to determine the set of asymptotically free states, i.e., the set of u P L 2 pR n q such that lim tÑ˘8 e itH 0 e´i tH u " ψȇ xist, (b) the condition of the scattering operator which maps the incoming ψ´into the corresponding outgoing one ψ`.
Let V be a short-range electric potential, by [11] , Theorem 14.4.6, the wave operators, defined by
W˘pH, H 0 qu " lim tÑ˘8 e itH e´i tH 0 u, u P L 2 pR n q exist as strong limits, are isometric operators, they intertwine the free and full Hamiltonian H and H 0
W˘pH, H 0 qH 0 " HW˘pH, H 0 q.
Their range is the projection of the space L 2 pR n q onto continuous spectrum. Moreover the wave operators W˘pH 0 , Hq also exist and adjoints to W˘pH, H 0 q. The scattering operator S V : ψ´Þ Ñ ψ`is defined as S V " W`pH 0 , HqW´pH, H 0 q " W`pH, H 0 q˚W´pH, H 0 q.
It is well known that S V is a unitary operator on L 2 pR n q. We call S as a mapping from V δ into the set of bounded operators LpL 2 pR n qq, SpV q " S V , the scattering map.
For s ą 0, introducing the space L 1 s pR n q be the weighted L 1 space in R n with norm }u} L 1 s pR n q " } ¨ s u} L 1 pR n q .
The following is the main result of this paper.
Theorem 1.1. Let M ą 0, δ ą 1 and s P p0, 1q. There exist constants C ą 0 and ν P p0, 1q such that the following stability estimate holds
(
1.4)
In particularly the scattering map
is locally injective.
We describe now some previous results related with our problem. Let S n´1 be the unit sphere in R n . Define the unitary operator
where L 2 pR`, L 2 pS n´1denote the L 2 -space of functions defined on R`with value in L 2 pS n´1 q. The spectral parameter λ plays the role of the energy of a quantum particle. Then
The unitary operator S V pλq : L 2 pS n´1 q Ñ L 2 pS n´1 q is called the scattering matrix at fixed energy λ with respect the electric potential V .
The problem of identifying coefficients appearing in Schrödinger equation was treated very well and there are many works that are relevant to this topic. In the case of a compactly supported electric potential and in dimension n ě 3 uniqueness for the fixed energy scattering problem was given in [17, 23, 26] . In the earlier paper [25] this was done for small potentials. It is well known that for compactly supported potentials, knowledge of the scattering amplitude (or the scattering matrix) at fixed energy λ is equivalent to knowing the Dirichlet-to-Neumann map for the Schrödinger equation measured on the boundary of a large ball containing the support of the potential (see [31] for an account). Then the uniqueness result of Sylvester and Uhlmann [30] for the Dirichlet-to-Neumann map, based on special solution called complex geometrical optics solutions, implies uniqueness at a fixed energy for compactly supported potentials. Melrose [16] proposed a related proof that uses the density of products of scattering solutions.
The uniqueness result with fixed energy was extended by Novikov to the case of exponentially decaying potentials [24] . Another proof applying arguments similar to the ones used for studying the Dirichlet-toNeumann map was given in [32] . The fixed energy result for compactly supported potentials in the twodimensional case follows from the corresponding uniqueness result for the Dirichlet-to-Neumann map of Bukhgeim [3] , and this result was recently extended to potentials decaying faster than any Gaussian in [9] .
We note that in the absence of exponential decay for the potentials, there are counterexamples to uniqueness for inverse scattering at fixed energy. In two dimensions Grinevich and Novikov [8] give a counterexample involving V in the Schwartz class, and in dimension three there are counterexamples with potentials decaying like |x|´3 {2 [18, 28] . However, if the potentials have regular behavior at infinity (outside a ball they are given by convergent asymptotic sums of homogeneous functions in the radial variable), one still has uniqueness even in the magnetic case by the results of Weder and Yafaev [35, 36] (see also Joshi and Sá Barreto [13, 14] ).
In the case of two-body Schrödinger Hamiltonians H with V short range, such a problem has been studied in [29] with high-frequency asymptotic methods. For short or long-range potentials, Enss and Weder [6] have used a geometrical method. They show that the potential is uniquely recovred by the high-velocity limit of the scattering operator. This method can be used to study Hamiltonians with electric and magnetic potentials on L 2 pR n q, the Dirac equation, [8] and the N -body case [6] . In [21] , Nicoleau used a stationary method to study Hamiltonians with smooth electric and magnetic potentials have to be C 8 functions with stronger decay assumption on higher derivatives, based on the construction of suitable modified wave operators. This approach gives the complete asymptotic expansion of the Scattering operator at high energies. In [13] the author sees that the problem with obstacles can be treated in the same way by determining a class of test functions which have negligible interaction with the obstacle.
All the mentioned papers are concerned only with uniqueness or reconstruction formula of the coefficients. Inspired by the work of Enss and Weder [6] and following the same strategy as in [6] , we prove in this paper stability estimates in the recovery of the unknown coefficient V via the scattering map.
The paper is organized as follows. In Section 2 we examine the scattering problem associated with (1.1), by using the geometric time-dependent method developed by Enss and Weder. In Section 3, we prove some intermediate estimate of the X-ray transform of the potential V . In Section 4, we estimate the X-ray transform and the Fourier transform of the potential, in terms of the scattering map and we proof Theorem 1.1.
SCATTERING MAP
Here we recall some basic definitions of the scattering theory used throughout the paper. The Fourier transform on functions in R n is defined bŷ
and the inverse Fourier transform is
For s ě 0, letting H s pR n q stand for the standard Sobolev space of those measurable functions f whose Fourier transformf satisfies
We see that the Fourier transform F is a unitary transformation from
Let e´i tH 0 be the Schrödinger propagator, in term of the Fourier transform, this is given by
We also record the following properties of the wave operators WW˚W˘"
By Duhamel's formula, we have
The proof of (2.4) proceeds by differentiation and subsequent integration: For u P DpH 0 q " DpHq one has the product rule
This is now integrated to yield
from which (2.4) follows after taking the limit t Ñ 8. Then from (2.4), we find out that
for any state u P L 2 pR n q for which the integral is well defined. We have a similar formula for WW˚"
It follows from the definition of the scattering operators that
Then by Duhamel's formula and the interwining relation (2.3), we have the following identity giving a relation between the scattering operator S V and the potential V ipS V´I qu "
We need some elementary facts about pseudo-differential operators defined by the equality
where the symbol a P C 8 0 pR n q. It is then known that for any a P C 8 0 pR n q, apDq is bounded operator on L 2 pR n q. For ̺ P R n , we define the conjugate pseudo-differential operator a ̺ pDq by
The symbol of the operator a ̺ pDq is given by a ̺ pξq " apξ`̺q. Indeed, using the fact that Fpe ix¨̺ uqpξq " upξ´̺q, we get
We define the linear unitary operator E t ̺ from L 2 pR n q into itself by the integral representation
Hence, we obtain the following identity
By a simple calculation, it is easy to see that
Let us recall the following result proved in Reed and Simon [27] , XI, page 39. The key of the proof is the application of the stationary phase method. 
Then, for any m P N, there exists C ą 0 depending on m, g and Supppĝq so that
for all x, t with xt´1 R O.
In the sequel, for t P R˚and ̺ P R n , we denote by A 1 and A 2 the following sets
For a measurable set A Ă R n , we denote by κ A the characteristic function of A.
Lemma 2.2. Let ̺ P R n such that |̺| ą 4, t P R˚, and let consider the two measurable sets A 1 and A 2 given by (2.11). Then for any a P C 8 0 pBp0, 1qq, and all k P N there exists C such that
for any u P L 2 pR n q. Here C depends only on k and n but not depends on ̺.
Proof. Let a P C 8 0 pBp0, 1qq, A 1 and A 2 given by (2.11). For u P SpR n q, using (2.2) and (2.10), we easily see that
where the kernelã ̺ t is given byã
Therefore, we have Thus, we arrive at ż
Since, Supppκ A 1˚κ A 2`t ̺ q Ă A 1´p A 2`t ̺q Ă |x| ě 
the above, inserted in (2.13) yields the following inequality
Let r " 1 4 |t̺|. In view of (2.14), we get from Lemma 2.1 for m P N, with 2m´k ą 2n, that 
for any u P L 2 pR n q.
Proof. By a density argument, it is enough to consider (2.17) for u P SpR n q. By (2.7), we get
Using (2.8) and (2.9), we deduce that
Thus we conclude the desired equality.
Lemma 2.4. Let V P V δ . Then for any a P C 8 0 pBp0, 1qq, and every ̺ P R n , |̺| ą 4, we have
for any u P L 2 δ pR n q.
Proof. By a density argument, it is enough to consider (2.19) for u P SpR n q. Let A 1 and A 2 are given by (2.11). Then, we obtain
To estimate I 1 , note that
Hence, by Lemma 2.2, we get
Furthermore, for any u P SpR n q, one has
Taking into account (2.20), (2.21), we see that
On the other hand, since A c 1 Ă |x| ě 1 2 |t̺| ( and V P V δ , we also have that
Hence, by combining (2.23) and (2.22), we conclude the proof of the Lemma.
Lemma 2.5. Assume that V P V δ . Then there exists C ą 0 such that for any Φ P SpR n q with SupppΦq Ă Bp0, 1q, we have
δ pR n q , for any ̺ P R n , |̺| ą 4, and uniformly for t P R. Here Φ ̺ " e ix¨̺ Φ.
Proof. It follows from Duhamel's formula (2.5) that
Take a P C 8 0 pBp0, 1qq, such that apξ´̺qΦpξ´̺q "Φpξ´̺q, that is a´̺pDqΦ ̺ " Φ ̺ . Then by Lemma 2.4, we get
δ pR n q , and the Lemma follows for W`. The proof for W´is similar.
STABILITY OF THE X-RAY TRANSFORM OF THE POTENTIAL
In this section we prove some estimate for the X-ray transform of the electric potential V . We start with a preliminary properties of the X-ray transform which needed to prove the main result.
Let ω P S n´1 , and ω K the hyperplane through the origin orthogonal to ω. We parametrize a line Lpω, yq in R n by specifying its direction ω P S n´1 and the point y P ω K where the line intersects the hyperpalne ω K . The X-ray transform of function f P L 1 pR n q is given by
We see that Xpf qpx, ωq is the integral of f over the line Lpω, yq parallel to ω which passes through x P ω K . The following relation between the Fourier transform of X ω pf q and f , called the Fourier slice theorem, will be useful: we denote by F ω K the Fourier transform on function in the hyperplan ω K . The Fourier slice theorem is summarized in the following identity (see [2] ):
The main purpose here is to present a preliminary estimate, which relates the difference of the short range potentials to the scattering map. As before, we let V 1 , V 2 P V δ , j " 1, 2 be real valued potentials. We set
We start with the following Lemma.
Then there exist C ą 0, λ 0 ą 0 and γ P p0, 1q such that for any ω P S n´1 and Φ, Ψ P SpR n q with SupppΦq, SupppΨq Ă Bp0, 1q, the following estimate holds true
Proof. Let ̺ " ? λω with λ ą 0 and ω P S n´1 . In what follows for Φ, Ψ P SpR n q with SupppΦq, and SupppΨq Ă Bp0, 1q we denote
From the identity (2.6) of the wave and scattering operators, it is easily seen that
where the leading ℓ j , is given by
and the remainder term R j , is given by
At first, we estimate the remainder term R j . Let a P C 8 0 pBp0, 1qq such that apξqΦpξq "Φpξq, and apξqΨpξq "Ψpξq Lemma 2.4 gives uniformly in λ the integral bound
By Lemma 2.5 and (3.5), we obtain
Thus R j pλ, ωq satisfies the remainder estimate in (3.2).
We consider now the leading term ℓ j . Taking into account (2.8), (2.9) a simple calculation gives
and therefore ℓ j pτ, λ, ωq´pV j px`τ ωqΦ, Ψq " ℓ p1q j pτ, λ, ωq`ℓ p2q j pτ, λ, ωq where ℓ
SinceΨ has compact support, we obtaiń
Therefore, we have
and using the fact that
we deduce the following estimation
for all γ P p0, 1q. Then by (3.6) and (3.4), we find
Moreover, we have
δ pR n q . Then we show as the proof of (3.7) that ż
Then, we easily see that ż 8) and (3.3) , we deduce that
where the leading and remainder terms, respectively, satisfy
This completes the proof of Lemma 3.1.
PROOF OF THE STABILITY ESTIMATE
In this section, we complete the proof of Theorem 1.1. We are going to use the estimate proved in the previous section; this will provide information on the X-ray transform of the difference of short range electric potentials.
Let ω P S n´1 and V P V δ . We denote
Then f satisfies the following estimate
In particularly, we have f P L 1 pω K q.
For any Φ, Ψ with SupppΦq Ă Bp0, 1q and SupppΨq Ă Bp0, 1q, we have by (3.2)
Let η P ω K be fixed and let Ψ P L 2 pR n q such that SupppΨq Ă Bpη{2, 1q. Denote by Ψ η{2 " e ix¨η{2 Ψ, then SupppΨ η{2 q Ă Bp0, 1q. Applying the last inequality with Ψ " Ψ η{2 , we find
Then there exist C ą 0, λ 0 ą 0, γ P p0, 1q and σ ą n{2`γ and such that for any ω P S n´1 and Φ P SpR n q such that SupppΦq Ă Bp0, 1q, the following estimate holds true
for any λ ą λ 0 , η P ω K and ε P p0, 1q.
Proof. Let ψ 0 P C 8 0 pBp0, 1qq, with }ψ 0 } L 1 pR n q " 1, we define ψ ε pξq " ε´nψ 0 pε´1pξ´η{2qq, Supppψ ε q Ă Bpη{2, εq Ă Bpη{2, 1q, and let Ψ ε " F´1pψ ε q. By Plancherel formula, we get ż
Taking into account (4.2) and applying (4.1) with Ψ " Ψ ε , we obtain
and
Using the fact that Fpψ ε qpyq " e´i y¨η{2ψ 0 pεyq and (2.1), we get
Then, by (4.3), (4.4), (4.5) and (4.6), one gets
Furthermore, for any γ P p0, 1q, there exists C " Cpγq ą 0 such that
for some σ ą γ`n{2. We deduce that
This completes the proof of the Lemma.
We give now the following Lemma to be used later
where F 0 denote the Fourier transform on function in R. Then we have SupppΦq Ă Bp0, 1q and
Moreover, for all s ě 0, we have
The next step in the proof is to deduce an estimate that links the Fourier transform of the unknown coefficient to the measurement S V 1´S V 2 . Lemma 4.3. Let V j P V δ , j " 1, 2. Then there exist C ą 0, λ 0 ą 0, γ P p0, 1q and α j ą 0, j " 1, 2, 3, such that for any ω P S n´1 the following estimate holds true
Proof. Let θ P C 8 0 p´1{4, 1{4q and ϕ P C 8 0 pω K X Bp0, 1{2qq. Putting Φpyq " F´1 0 pθqpy¨ωqF´1 ω K pϕqpy´py¨ωqωq, y P R n .
We assume further θp0q " 1. Then we have by Lemma 4.2 SupppΦq Ă Bp0, 1q. The change of variable x " y`tω P ω K ' Rω, dx " dydt yields, after noting that
where we have used f py´tωq " f pyq for any t P R. Taking account (4.8) and applying Lemma 4.2, one gets
Now, we specify the choice of the function ϕ. Let ϕ 0 P C 8 0 pω K X Bp0, 1{2qq with }ϕ 0 } L 1 pω K q " 1, we define, for h small ϕ h pξq " h´n`1ϕ 0 ph´1ξq, ξ P ω K .
Applying (4.9) with ϕ " ϕ h , we get Selecting h such that ε γ h´σ`p 1´nq{2 " h γ 1 , we obtain
We return now to the proof of Theorem 1.1. Since ω is arbitrary, we deduce from (4.7) and (3.1)
|FpV qpηq| ď ε´α
In light of the above reasoning and decomposing the H´1pR n q norm of V as }V } The next step is to choose in such away ε α 3 R n " R´2. In this case we get
}V } 2
H´1pR n q ď CˆR
Now we choose R ą 0 in such that away λ´γ {2 R β 2 " R´2. In this case we get
for some positive constants µ 1 , µ 2 . Finally, minimizing the right hand side with respect to λ we obtain the desired estimate of Theorem 1.1.
